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Let (R,M) be a regular local domain of dimension d  2 and
let x1, . . . , xd be a regular system of parameters. Then, Ciuperca,
Heinzer, Ratliff Jr., and Rush have proved that every ideal of the
form I = (xn1, x2, . . . , xd)R with n ∈N+, is projectively full.
If (R,M) is a two-dimensional Muhly local domain (i.e., an inte-
grally closed Noetherian local domain with algebraically closed
residue ﬁeld and the associated graded ring an integrally closed
domain), then we are able to prove a similar result for every
minimal ideal basis x1, . . . , xd ofM such that x1 /∈ rad(x2, . . . , xd).
© 2008 Elsevier Inc. All rights reserved.
1. Introduction
Let I be a regular proper ideal of a Noetherian ring R (i.e., I contains an element with zero
annihilator and I = R). An ideal J of R is projectively equivalent to I if there exist positive integers n
and m such that In and Jm have the same integral closure, i.e., In = Jm . Here the overbar “-” is used
to denote the integral closure of an ideal.
In [2], Ciuperca, Heinzer, Ratliff Jr., and Rush, introduced the notion of projectively full ideal. An
ideal I as above is called projectively full if the set P(I) of integrally closed ideals projectively equiva-
lent to I is the set {In | n ∈ N+}.
In Proposition 3.6 of [3] Ciuperca, Heinzer, Ratliff Jr., and Rush prove the following:
Let (R,M) be a local ring and I a normal ideal in R with I  M2 . If both the associated graded ring
G(M) =⊕n0 MnMn+1 and the ﬁber cone ring F (I) =⊕n0 InMIn are reduced, then I is projectively full.
This proposition implies the following result [3, Corollary 3.7]:
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Then every ideal of the form I = (xn1, x2, . . . , xd)R is projectively full.
The purpose of this paper is to prove a similar result in case (R,M) is a two-dimensional Muhly
local domain, i.e., a two-dimensional normal Noetherian local domain with algebraically closed residue
ﬁeld and the associated graded ring an integrally closed domain.
More precisely we will prove the following
Proposition. Let (R,M) be a two-dimensional Muhly local domain and let x1, . . . , xd be a minimal ideal
basis of M such that x1 /∈ rad(x2, . . . , xd). Then every ideal of the form I = (xn1, x2, . . . , xd) with n ∈ N+ , is
projectively full.
In Section 2 we will prove that the ideals of the form I = (xn1, x2, . . . , xd) are contracted from
R[ Mx1 ], i.e.,
I R
[M
x1
]
∩ R = I.
Using this, it will follow that these ideals and their transforms (for explanation of terminology, see
Section 2) are integrally closed (or complete) for all n 1. These facts together with the observation
that the blowup BlM(R) of R at M is a desingularization of R , will enable us to exploit Zariski’s
theory of complete ideals in two-dimensional regular local rings to prove our main result in Section 3.
For the deﬁnition and properties of the blowup of a ring at an ideal, the reader is referred to [6].
Background information on Zariski’s theory of complete ideals in 2-dimensional regular local rings
can be obtained from [7], [11, Chapter 14] and [12]. Good references for brieﬂy stated deﬁnitions and
theorems from Zariski’s theory of complete ideals are [9] and [10].
2. Preliminaries
Let (R,M) be a two-dimensional Muhly local domain and let x1, x2, . . . , xd be a minimal ideal
basis of M such that x1 /∈ rad(x2, . . . , xd). Note that the condition “x1 /∈ rad(x2, . . . , xd)” is equivalent
to “(x2, . . . , xd) is a prime ideal of R” and also equivalent to “
R
(x2,...,xd)
is a one-dimensional regular
local ring,” and it implies that ( x2x1 , . . . ,
xd
x1
)R[ Mx1 ] ∩ R = (x2, . . . , xd). It follows that
M1 :=
(
x1,
x2
x1
, . . . ,
xd
x1
)
is a maximal ideal of R[ Mx1 ] lying over M (i.e., M1 ∩ R = M) and the ring
R ′ := R
[M
x1
]
M1
is a two-dimensional regular local ring. To see this, note that the associated graded ring of R be-
ing a two-dimensional integrally closed domain, implies that the closed ﬁbre of the blowup of R
at M is a non-singular curve. It follows that every local ring of BlM(R) is regular (see [5, p. 403]
and [8, p. 259]). The local ring R ′ is called an immediate (or a ﬁrst) quadratic transform of R . Let
I := (xn1, x2, . . . , xd) with n 2. Then in the ring R[ Mx1 ], one has
I R
[M
x
]
= x1
(
xn−11 ,
x2
x
, . . . ,
xd
x
)
.1 1 1
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xd
x1
) is called the transform of I in R[ Mx1 ]. It is clear that M1 is the only
prime ideal of R[ Mx1 ] containing J . Localizing at M1 yields in R ′
I R ′ = x1 JM1
and the ideal I ′ := JM1 is called the transform of I in (R ′,M′), where M′ denotes the maximal ideal
of R ′ . Since the transform I ′ = R ′ , the immediate quadratic transform (R ′,M′) of (R,M) is called an
immediate base point of I . For i ∈ {2, . . . ,d}, we have
I R
[M
xi
]
= xi R
[M
xi
]
,
hence there are no immediate base points of I on the chart R[ Mxi ]. This shows that (R ′,M′) is in
fact the only immediate base point of I .
We are now ready to prove a few results about the ideals I = (xn1, x2, . . . , xd) which will be used
in the proof of our main result.
Lemma 2.1. Every ideal of the form I = (xn1, x2, . . . , xd) with n 1 is contracted from R[ Mx1 ].
Proof. We proceed by induction on n and we ﬁrst consider the case n = 1. Then it is clear
that I R[ Mx1 ] ∩ R = I because I = M in that case. Now suppose that (xn1, x2, . . . , xd)R[ Mx1 ] ∩ R =
(xn1, x2, . . . , xd). Then we have to prove that
(
xn+11 , x2, . . . , xd
)
R
[M
x1
]
∩ R = (xn+11 , x2, . . . , xd).
To this end we observe that
(
xn+11 , x2, . . . , xd
)⊆ (xn+11 , x2, . . . , xd)R
[M
x1
]
∩ R ⊆ (xn1, x2, . . . , xd).
Now (xn+11 , x2, . . . , xd) ⊂ (xn1, x2, . . . , xd) are adjacent ideals, i.e., their lengths differ by one. To see
this it suﬃces to observe that xn1 /∈ (xn+11 , x2, . . . , xd) because x1 /∈ rad(x2, . . . , xd). It follows from the
adjacentness that
(
xn+11 , x2, . . . , xd
)
R
[M
x1
]
∩ R = (xn+11 , x2, . . . , xd) or (xn1, x2, . . . , xd).
So it remains to prove that (xn+11 , x2, . . . , xd)R[ Mx1 ] ∩ R = (xn1, x2, . . . , xd) is not possible. For if this
would be the case, then one would have
(
xn1, x2, . . . , xd
)
R
[M
x1
]
= (xn+11 , x2, . . . , xd)R
[M
x1
]
,
hence
x1
(
xn−11 ,
x2
x
, . . . ,
xd
x
)
= x1
(
xn1,
x2
x
, . . . ,
xd
x
)
1 1 1 1
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(
xn−11 ,
x2
x1
, . . . ,
xd
x1
)
=
(
xn1,
x2
x1
, . . . ,
xd
x1
)
.
This would imply that in the one-dimensional regular local ring S := R
(x2,...,xd)
one would have
N n−1 = N n , where N denotes the maximal ideal of S . This is impossible and hence
(
xn+11 , x2, . . . , xd
)
R
[M
x1
]
∩ R = (xn+11 , x2, . . . , xd). 
This result will be used to prove in the next lemma that the ideals I = (xn1, x2, . . . , xd) are complete.
Lemma 2.2.With the previous assumptions and notations, we have:
(i) Every ideal (xn1,
x2
x1
, . . . ,
xd
x1
) of R[ Mx1 ] is complete.
(ii) Every ideal (xn1, x2, . . . , xd) of R is complete.
Proof. First let us recall that
R[Mx1 ]
(
x2
x1
,...,
xd
x1
)
∼= R(x2,...,xd) since (
x2
x1
, . . . ,
xd
x1
) ∩ R = (x2, . . . , xd), and the ring
S = R
(x2,...,xd)
is a one-dimensional regular local domain with maximal ideal N = (x1)S , where x1
denotes the natural image of x1 in S .
Let J := (xn1, x2x1 , . . . ,
xd
x1
), then the ideal J
(x2,...,xd)
of S is equal to N n and hence integrally closed.
This implies that J is also integrally closed, which proves (i).
To prove (ii), we may suppose n 2, the case n = 1 being trivial. In R[ Mx1 ] we have that
(
xn1, x2, . . . , xd
)
R
[M
x1
]
= x1
(
xn−11 ,
x2
x1
, . . . ,
xd
x1
)
.
Since (R,M) is a two-dimensional Muhly local domain, the ring R[ Mx1 ] is an integrally closed do-
main and since (xn−11 ,
x2
x1
, . . . ,
xd
x1
) is a complete ideal of R[ Mx1 ], it follows that x1(xn−11 ,
x2
x1
, . . . ,
xd
x1
) is
complete too. But
(
xn1, x2, . . . , xd
)
R
[M
x1
]
∩ R = (xn1, x2, . . . , xd)
by Lemma 2.1 and thus (xn1, x2, . . . , xd) is complete. 
Corollary 2.3. Every ideal of the form I = (xn1, x2, . . . , xd),n 2, has just one immediate base point (R ′,M′)
where R ′ = R[ Mx1 ]M1 with M1 := (x1,
x2
x1
, . . . ,
xd
x1
) and the transform I ′ of I in R ′ is a simple complete ideal.
Proof. It is clear that I R[ Mxi ] = (xi)R[ Mxi ] for i = 2, . . . ,d, hence the immediate base points of I can
only show up on the chart R[ Mx1 ]. In the ring R[ Mx1 ] we have
I R
[M
x1
]
= x1
(
xn−11 ,
x2
x1
, . . . ,
xd
x1
)
where J := (xn−11 , x2x1 , . . . ,
xd
x1
) is the transform of I in R[ Mx1 ] and M1 is the only prime ideal of R[ Mx1 ]
containing J . It follows that R[ Mx ]M1 is the only immediate base point of I .1
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I ′ = JM1 of I in R ′ is also complete, and I ′ is simple (i.e., not a product of two proper ideals) because
ordR ′ (I ′) = 1. 
In order to state our next result we recall that (R,M) being a two-dimensional Muhly local do-
main implies that the M-adic order function ordR is a valuation which will be denoted by vM . If
I = (xn1, x2, . . . , xd) with n 2, then I has only one immediate base point (R ′,M′) (see Corollary 2.3),
and R ′ is a two-dimensional regular local ring. Since the transform I ′ of I in the two-dimensional
regular local ring R ′ is a simple complete ideal, we know by Zariski’s theory of complete ideals that
there corresponds to I ′ a unique prime divisor of R ′ , namely the unique Rees valuation of I ′ , denoted
by w (see e.g. [4, Corollaries 3.6 and 3.7]). Thus T (I ′) = {w}.
Throughout this paper the set of Rees valuations of an ideal A in a local ring will be denoted
by T (A).
Lemma 2.4. For every ideal of the form I = (xn1, x2, . . . , xd) with n  2, we have that T (I) ⊆ {vM,w} and
w ∈ T (I).
Proof. Since (R ′,M′) is the only immediate base point of I , it follows that the blowup BlIM(R)
is obtained by blowing up R at M and then blowing up the local ring (R ′,M′) ∈ BlM(R) at the
transform I ′ of I in R ′ (see [6, Lemma 1.11]). This implies that T (IM) = {vM,w} and hence
T (I) ⊆ {vM,w}
because T (IM) = T (I) ∪ T (M) (cf. [11, Proposition 10.4.8]). Finally we have to show that w ∈ T (I).
Suppose not, then one would have that T (I) = {vM). This would imply that I has no immediate base
points, contradicting Corollary 2.3. 
We close this section by recalling information on the transform I ′ of I = (xn1, x2, . . . , xd) (n  2)
in its unique immediate base point (R ′,M′) and on the unique Rees valuation w of I ′ . Since w is
a prime divisor of R ′ (i.e., the valuation ring (W,MW ) of w dominates (R ′,M′) and the transcen-
dence degree of the residue ﬁeld of W over R ′M′ is one), we know by Abhyankar [1, Proposition 3]
that there exists a unique ﬁnite quadratic sequence starting from R ′ and dominated by (W,MW ):
(R ′,M′) = (R1,M1) < (R2,M2) < · · · < (Rs,Ms) < (W,MW ),
i.e., (Ri,Mi) is an immediate quadratic transform of (Ri−1,Mi−1) for i = 2, . . . , s and W is the
ordRs -valuation ring. Thus the unique Rees valuation w of I
′ is the ordRs -valuation.
Moreover the transform of I ′ in Rs , denoted I ′ Rs , is the maximal ideal of Rs , i.e.,
I ′ Rs = Ms,
and conversely, the inverse transform of Ms in R ′ is I ′ (see e.g. [9, p. 608]).
3. Proof of the main result
Let (R,M) be a two-dimensional Muhly local domain and let x1, . . . , xd be a minimal ideal basis
of M such that x1 /∈ rad(x2, . . . , xd). Then we have to prove that the ideal I := (xn1, x2, . . . , xd) is
projectively full for all integers n  1. The case n = 1 is clear since M has only one Rees valuation,
namely vM = ordR -valuation.
So we may assume in the rest of the proof that n 2. Let J be a complete M-primary ideal of R
that is projectively equivalent to I (i.e., I i = J j with i, j positive integers). Then we have to prove
that J = Iν for some positive integer ν . As J is projectively equivalent to I , J has the same Rees
valuations as I , hence T ( J ) = T (I).
908 R. Debremaeker / Journal of Algebra 321 (2009) 903–911Since T (I) ⊆ {vM,w} and w ∈ T (I) (see Lemma 2.4), it follows that J , just like I , has precisely
one immediate base point, namely the center of w on BlM(R), i.e., (R ′,M′).
Indeed, it is clear that J has at least one immediate base point since otherwise one would have
that Bl J (R) is dominated by BlM(R) and thus T ( J ) ⊆ T (M) = {vM} by Proposition 2.2 in [5]. This
would imply that T (I) = {vM} contradicting Lemma 2.4. Any immediate base point of J is dominated
by a Rees valuation ring of J (one can prove this using an argument similar to that used by Göhner
in his proof of Proposition 2.2 in [5]), hence by the valuation ring (W,MW ) of w since w is the
only element = vM in T ( J ). This proves that J has only one immediate base point, namely the
unique local ring of BlM(R) dominated by (W,MW ) (which is called the center of w on BlM(R)).
It follows from the discussion at the end of Section 2 that the center of w on BlM(R) is (R ′,M′).
Hence, (R ′,M′) is the unique immediate base point of J .
Next, we prove that w is the only Rees valuation of the integral closure J ′ of the transform J ′ of J
in its unique immediate base point (R ′,M′). Let r := ordR( J ), then we have in R ′ that
J R ′ = xr1 J ′
and the ideal J ′ is the transform of J in (R ′,M′). (Note, we do not know whether J ′ is complete or
not.) It follows that
J R ′ = xr1 J ′
where J ′ is a complete M′-primary ideal in the two-dimensional regular local ring (R ′,M′) and we
claim that
T ( J ′) = {w}.
In order to prove the claim, let us suppose that there exists a Rees valuation w ′ of J ′ with w ′ = w .
We now show this leads to a contradiction.
Since w ′ is a Rees valuation of J ′ , we have
W ′ ∈ Bl J ′ (R ′)
where W ′ denotes the valuation ring of w ′ . Because J R ′ = xr1 J ′ , we have Bl J ′ (R ′) = Bl J R ′ (R ′) (see [6]).
From the fact that (R ′,M′) is the only immediate base point of J , it follows that the blowup
Bl JM(R) is obtained by blowing up R at M and then blowing up the local ring (R ′,M′) ∈ BlM(R)
at J R ′ (see [6, Lemma 1.11]). This implies that W ′ ∈ Bl JM(R) and it follows that
w ′ ∈ T ( JM) = T (M) ∪ T ( J )
where T (M) = {vM} and T ( J ) ⊆ {vM,w}.
As w ′ = w , we have w ′ = vM , which implies that W ′ ∈ BlM(R). Since W ′ dominates the local
ring R ′ ∈ BlM(R), we have the desired contradiction. Thus J ′ cannot have Rees valuations = w and
this proves that T ( J ′) = {w}, since every ideal in a Noetherian ring has a set of Rees valuations
(see [11, Theorem 10.2.2]).
From the theory of complete ideals in a two-dimensional regular local ring (see for exam-
ple [4,9,10]), we know that J ′ is some power of the simple complete M′-primary ideal that cor-
responds to w via Zariski’s one-to-one correspondence. This unique simple complete M′-primary
ideal is the inverse transform of Ms in R ′ , where Ms is as in the discussion at the end of Section 2
(cf. [11, Theorem 10.2.2]). Since we know that Ms is the transform of I ′ in Rs , we have conversely
that I ′ = (xn−11 , x2x1 , . . . ,
xd
x1
) is the inverse transform of Ms in R ′ (see the end of Section 2). Thus
J ′ = I ′ν =
(
xn−11 ,
x2
x
, . . . ,
xd
x
)ν
for some ν ∈ N+.1 1
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ν = r,
where r = ordR( J ).
Since I i = J j for some i, j ∈ N+ , ordR(I) = 1 and ordR( J ) = r, it follows that i = r j and hence
J j R ′ = Ir j R ′.
Recalling that I R ′ = x1(xn−11 , x2x1 , . . . ,
xd
x1
), we have that
J j R ′ = xrj1
(
xn−11 ,
x2
x1
, . . . ,
xd
x1
)r j
. (1)
On the other hand, J R ′ = xr1 J ′ implies
J j R ′ = ( J R ′) j = xrj1 ( J ′) j = xrj1
(
xn−11 ,
x2
x1
, . . . ,
xd
x1
)ν j
. (2)
Comparing (1) and (2) yields
(
xn−11 ,
x2
x1
, . . . ,
xd
x1
)r j
=
(
xn−11 ,
x2
x1
, . . . ,
xd
x1
)ν j
.
It follows that r j = ν j, hence r = ν .
Thus
J ′ = I ′ r =
(
xn−11 ,
x2
x1
, . . . ,
xd
x1
)r
and hence
J R ′ = xr1 J ′ = xr1 I ′ r = (x1 I ′)r = Ir R ′.
From J R ′ = Ir R ′ , it follows that
J = Ir R ′ ∩ R.
To see this, consider the following sequence of inclusions
J ⊆ J R ′ ∩ R ⊆ JVM ∩ JW ∩ R,
where VM is the valuation ring of vM = ordR and W is the valuation ring of w .
Since T ( J ) ⊆ {vM,w} and J is complete, we have
JVM ∩ JW ∩ R = J
and thus
J = J R ′ ∩ R.
910 R. Debremaeker / Journal of Algebra 321 (2009) 903–911Since J R ′ = Ir R ′ , we see that J = Ir R ′ ∩ R (in particular Ir R ′ ∩ R is a complete ideal of R).
Finally we prove that Ir R ′ ∩ R = Ir . Since Ir ⊆ Ir R ′ ∩ R and Ir R ′ ∩ R is complete, we have that
Ir ⊆ Ir R ′ ∩ R . Further we have the following inclusions
Ir ⊆ Ir R ′ ∩ R ⊆ IrVM ∩ IrW ∩ R,
and
IrVM ∩ IrW ∩ R = Ir
because T (Ir) = T (I) ⊆ {vM,w} and w ∈ T (Ir), hence
Ir R ′ ∩ R = Ir .
Thus J = Ir , i.e., I = (xn1, x2, . . . , xd) is projectively full.
Final Remark. In the special case where (R,M) is a two-dimensional regular local ring, any minimal
ideal basis x1, x2 of M satisﬁes the condition x1 /∈ rad(x2). However, this is not necessarily true if
(R,M) is a two-dimensional Muhly local domain that is not regular, as the example below shows.
Let
R := k[X, Y , Z ](X,Y ,Z)
(X2 − Y Z)(X,Y ,Z) ,
with k an algebraically closed ﬁeld and X, Y , Z indeterminates over k.
It follows that R = k[x, y, z](x,y,z) with x2 = yz, where x, y, z denote the natural images of X , Y , Z .
Then, y, x, z is a minimal ideal basis of M such that y /∈ rad(x, z), while the minimal ideal basis x,
y, z of M clearly does not satisfy the condition x /∈ rad(y, z).
More generally, let (R,M) be any two-dimensional Muhly local domain of the form
R := k[X1, . . . , Xd](X1,...,Xd)
N(X1,...,Xd)
,
where k is an algebraically closed ﬁeld, X1, . . . , Xd are indeterminates over k, and N is a homogeneous
prime ideal of height d− 2 in k[X1, . . . , Xd]. Using the projective Nullstellensatz, it can be shown that
there exists a minimal ideal basis
x′1, x′2, . . . , x′d
of M, such that (x′2, . . . , x′d) is a prime ideal. Hence
x′1 /∈ rad
(
x′2, . . . , x′d
)
.
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